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Microscopic description of quadrupole collectivity in neutron-rich nuclei across the
N=126 shell closure
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The quadrupole collectivity in Nd, Sm, Gd, Dy, Er, Yb, Hf and W nuclei with neutron numbers
122 ≤ N ≤ 156 is studied, both at the mean field level and beyond, using the Gogny energy density
functional. Besides the robustness of the N=126 neutron shell closure, it is shown that the onset of
static deformations in those isotopic chains with increasing neutron number leads to an enhanced
stability and further extends the corresponding two-neutron driplines far beyond what could be
expected from spherical calculations. Independence of the mean field predictions with respect to the
particular version of the Gogny energy density functional employed is demonstrated by comparing
results based on the D1S and D1M parameter sets. Correlations beyond mean field are taken
into account in the framework of the angular momentum projected generator coordinate method
calculation. It is shown that N=126 remains a robust neutron magic number when dynamical effects
are included. The analysis of the collective wave functions, average deformations and excitation
energies indicate that, with increasing neutron number, the zero-point quantum corrections lead to
dominant prolate configurations in the 0+1 , 0
+
2 , 2
+
1 and 2
+
2 states of the studied nuclei. Moreover,
those dynamical deformation effects provide an enhanced stability that further supports the mean
field predictions, corroborating a shift of the r-process path to higher neutron numbers. Beyond
mean field calculations provide a smaller shell gap at N=126 than the mean field one in good
agreement with previous theoretical studies. However, the shell gap still remains strong enough in
the two-neutron driplines.
PACS numbers: 24.75.+i, 25.85.Ca, 21.60.Jz, 27.90.+b, 21.10.Pc
I. INTRODUCTION
The evolution of the shell structure and the associated
quadrupole collectivity with nucleon number is among
the most prominent features in atomic nuclei. Its study
has received renewed interest in recent years due to the
progress in our understanding of neutron-rich nuclei far
away from the valley of stability brought by the Ra-
dioactive Ion Beam (RIB) facilities set up all over the
world. Shell effects in neutron-rich nuclei turn out to
be quite challenging and, at least in some cases, they
cannot be interpreted using the experience accumulated
for stable systems [1]. A typical example is the weak-
ening/erosion of the N=20 and N=28 magic numbers in
light neutron-rich nuclei (see, for example, [2–27] and ref-
erences therein).
In a mean field framework, the nucleus 32Mg is pre-
dicted to have a spherical ground state [11–13, 16–18].
However, the experimental B(E2, 0+1 → 2
+
1 ) value [4],
the excitation energy of the 2+1 state [5, 6] as well as
the ratio E
4
+
1
/E
2
+
1
=2.6 are all consistent with those of a
deformed ground state. Within the Shell Model, the in-
creased quadrupole collectivity in nuclei of this region has
been explained by invoking neutron excitations across the
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‡Electronic address: madan.sharma@ku.edu.kw
N=20 shell gap [9, 10]. On the other hand, it has been
shown that effects not explicitly taken into account at
the mean field level like the restoration of broken sym-
metries and configuration mixing, can account for a de-
formed ground state in 32Mg and 30Ne as well as the
main physical trends in nuclei around the island of in-
version [11–15]. This has been further corroborated by
the recent study of the quadrupole collectivity in 28,30Ne
and 34,36Mg [2]. The situation is slightly different in
the case of neutron-rich nuclei around N=28 where Shell
Model [19], mean field [11, 20–23] and beyond mean field
[11, 15, 20] calculations predict deformed ground states,
in agreement with experimental results [24–27], and indi-
cating that this neutron shell closure is more fragile than
the N=20 one.
The previous examples already illustrate the challenges
encountered in the theoretical description of neutron-
rich nuclei. They suggest that caution must be taken
when invoking the weakening/erosion of neutron magic
numbers and reveal that plain mean field approxima-
tions [28], while valuable as a starting point, may not
be sufficient since the quadrupole properties in the con-
sidered nuclei may actually be determined by the subtle
interplay between quantum corrections stemming from
the restoration of the broken symmetries (mainly the ro-
tational one) and fluctuations in the collective degrees
of freedom. Similar conclusions can be extracted from
other beyond mean field calculations (see, for example,
[29–31] and references therein). On the neutron deficient
side, symmetry-projected configuration mixing results in-
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FIG. 1: (Color online) In panels (a)-(r) the MFPECs obtained for the 184−218Sm isotopes with the Gogny-D1M (black) and
Gogny-D1S (red) EDFs are depicted. Each curve is referred to its absolute minimum. Calculations have been carried out with
Mz,Max=14. For more details, see the main text.
dicate that Z=82 remains, on the average, as a conserved
magic proton number for Pb isotopes and support the
experimental evidences for rotational bands built on co-
existing low-lying prolate and oblate 0+ states [32–34].
Shell effects play a crucial role in understanding the nu-
cleosynthesis of nuclei heavier than Fe via the r-process
[35–38]. Though different r-process scenarios and uncer-
tainties are still under debate (see, for example, [39]), it
is commonly accepted that the r-process passes through
the neutron numbers N=50, 82 and 126 and that the
synthesis of nuclei around them is revealed in the peaks
of the r-process abundances around the mass numbers
A ≈ 80, 130 and 190, respectively. Therefore, a sound
theoretical description of the shell effects around N=50,
82 and 126 represents a major goal not only for nuclear
structure physics but also for astrophysics.
It should be kept in mind that, due to their large neu-
tron excess, very neutron-rich nuclei near the r-process
path remain out of reach experimentally, especially those
in the heavy mass region. Therefore, our understanding
of those systems requires the use of different theoreti-
cal tools whose predictions have been the subject of in-
tense debate [40–44]. For example, shell quenching has
been invoked [45, 46] at N=82 near the r-process path to
improve the predicted r-process abundances around the
second peak. The anomalous behavior of the 2+1 states
in neutron-rich Cd isotopes has even been cited [47] as
an evidence for such a quenching. However, it has also
been shown that this anomalous behavior can be natu-
rally explained in the framework of symmetry-projected
configuration mixing calculations [48] without the need
to assume any quenching of the N=82 shell closure. This
is further corroborated by experimental results on energy
levels in 130Cd [49, 50] .
In the present work, we have studied the quadrupole
collectivity in the region of the third peak of the r-
process. To this end, we have considered even-even
Nd, Sm, Gd, Dy, Er, Yb, Hf and W nuclei with neu-
tron numbers 122 ≤ N ≤ 156 extending beyond the
two-neutron dripline. The constrained Hartree-Fock-
Bogoliubov (HFB) approximation [28] is used to ob-
tain the mean field potential energy curves (MFPECs)
corresponding to the HFB energies as a function of
the quadrupole moment. The MFPECs offer a valu-
able starting point to understand the evolution of the
shell structure across N=126 as well as the emergence
of quadrupole deformations in the considered isotopic
chains. In particular, it will be shown that the onset
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FIG. 2: (Color online) The ground state quadrupole deformations QHFB−GS20 obtained for the nuclei
182−216Nd, 184−218Sm,
186−220Gd, 188−222Dy, 190−224Er, 192−226Yb, 194−228Hf and 196−230W are plotted as a function of neutron number. Results are
shown for the Gogny-D1M [panel (a)] and Gogny-D1S [panel (b)] EDFs. Calculations have been carried out with Mz,Max=14.
For more details, see the main text.
of mean field (i.e., static) quadrupole deformation after
crossing the spherical N=126 neutron shell closure leads
to a pronounced enhancement of the two-neutron sepa-
ration energies as compared with the ones resulting from
the spherical HFB scheme.
The D1M parametrization [51] of the Gogny [52] EDF
is used in all the HFB calculations. In some instances,
however, results obtained with the Gogny-D1S [53] EDF
will be shown for comparison. The reason is that the
Gogny-D1S EDF has a strong reputation of being able
to reproduce a large collection of low-energy nuclear data
all over the nuclear chart both at the mean field level and
beyond and related to deformation effects (see, for exam-
ple, [11, 53–59] and references therein). However, it has
to be kept in mind that D1S is not specially good in
reproducing binding energies as shown in large scale cal-
culations [60, 61] where a systematic drift is observed in
the differences between the experimental and theoretical
binding energies in heavy isotopes.
The D1M fitting protocol includes [51] both realistic
neutron matter equation of state (EoS) information and
the binding energies of all known nuclei. With an impres-
sive rms of 0.798 MeV it represents a competitive choice
to deal with nuclear masses. In addition to previous stud-
ies [51, 55, 56], new ones including fission properties in
heavy and superheavy nuclei [62, 63] as well as odd nu-
clei within the equal filling approximation (EFA) [64–66],
suggest that the Gogny-D1M EDF essentially retains the
predictive power of the well tested D1S parametrization
and therefore it represents a good candidate to replace
the latter.
The MFPECs obtained within the Gogny-HFB frame-
work display, at least for some Nd, Sm, Gd, Dy, Er,
Yb, Hf and W nuclei, competing minima based on dif-
ferent intrinsic configurations indicating that beyond
mean field correlations like symmetry restoration and/or
quadrupole configuration mixing, may play a role. That
the restoration of the broken rotational symmetry may
provide leading quantum corrections can be expected
from the fact that the energy gain associated with it (i.e.,
the so called rotational correction) is proportional to the
deformation of the intrinsic HFB states [12, 67]. Simi-
lar to what has been found in other regions of the nu-
clear chart [11–13, 20], symmetry restoration also leads
in some of the studied nuclei to important topological
changes in the angular momentum projected potential
energy curves (AMPPECs) as compared with the cor-
responding MFPECs. Therefore, it is also important to
consider the effect of the quadrupole configurationmixing
in those cases. Moreover, even in those nuclei where the
AMPPECs exhibit well defined minima, it is important
to check their stability with respect to quadrupole fluc-
tuations since not only the energy landscape but also the
underlying collective inertia play a role within a dynami-
cal treatment. With this in mind we have performed an-
gular momentum projected generator coordinate method
(AMPGCM) calculations [11], based on the Gogny-D1M
EDF, for all the nuclei studied in this work. In addition
to the spectroscopic properties of the excited state the
AMPGCM also provides the ground state correlation en-
ergy that, as we will see, plays an important role in the
properties of the N=126 shell closure.
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FIG. 3: (Color online) The differences EHFB−GSD1S -E
HFB−GS
D1M
between the HFB ground state energies obtained for the nu-
clei 182−216Nd, 184−218Sm, 186−220Gd, 188−222Dy, 190−224Er,
192−226Yb, 194−228Hf and 196−230W with the D1M and D1S
parametrizations are plotted as a function of neutron number.
The paper is organized as follows. In Sec. II, we de-
scribe the theoretical approximations used. The key in-
gredients of our HFB approach are presented in Sec. II A
while the AMPGCM formalism [11] is briefly outlined in
Sec. II B. The results of the calculations are discussed
in Sec. III. First, in Sec. III A, we discuss the static
quadrupole properties predicted within our HFB calcu-
lations. The results of our symmetry-projected configu-
ration mixing study are presented in Sec. III B. Finally,
Sec. IV is devoted to the concluding remarks and work
perspectives.
II. THEORETICAL FRAMEWORK
In this section, the theoretical approximations used in
the present work are described. First, in Sec. II A, the
HFB framework [28] is introduced. Next the AMPGCM
formalism [11] is briefly outlined in Sec. II B. For a
more detailed description of both angular momentum
projection (AMP) and the Generator Coordinate Method
(GCM) the reader is referred to the literature [12, 68–72].
A. The Hartree-Fock-Bogoliubov approximation
The starting point is the (constrained) HFB approx-
imation [28, 54] for the finite range and density depen-
dent Gogny-EDF [52]. Both the D1S [53] and D1M [51]
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FIG. 4: (Color online) In panel (a) the HFB energies com-
puted with b0=2.1 fm and Mz,Max=14 (blue) and Mz,Max=17
(red) are plotted as a function of the quadrupole moment.
Results are shown for the nucleus 226Yb using the D1M
parametrization. In panel (b), the energy difference between
the Mz,Max=14 and Mz,Max=17 calculations is plotted as a
function of the quadrupole moment.
parametrizations are considered. As constraining op-
erators the axially symmetric quadrupole Qˆ20 = z
2 −
1
2
(
x2 + y2
)
[55, 56] moment as well as the standard HFB
constraints on both the proton Zˆ and neutron Nˆ number
operators are used. The HFB quasiparticle operators are
expanded in an axially symmetric and parity-preserving
harmonic oscillator (HO) basis whose quantum numbers
are restricted by the condition
2n⊥ + |m|+
1
q
nz ≤Mz,Max (1)
All the mean field results to be discussed later on have
been obtained with q=1.0. The two length parameters
bz and b⊥ = b0 characterizing the HO basis are cho-
sen to be equal to keep the basis closed under rotations
[11, 73] (this is also the reason to include full HO ma-
jor shells in the basis). This simplifies the application
of the AMPGCM approximation described in the next
Sec. II B. Most of our results have been obtained with
Mz,Max=14. However, we have also tested the stability
of our predictions with respect to the size of the consid-
5ered single-particle basis by performing HFB calculations
with Mz,Max=17.
It should be kept in mind that for very neutron-rich nu-
clei, especially those in the proximity of the two-neutron
dripline, the HFB approximation must be used [74, 75]
and absolute convergence for the binding energy can only
be obtained for HO bases with a very large number of
shells Mz,Max. At the HFB level such a computationally
demanding task can be afforded with present day com-
puter capabilities. Also in the case that we were just
interested in a single Q20-configuration, AMP calcula-
tions with a very large Mz,Max value could be afforded.
However, the considerable amount of angular momen-
tum projected Hamiltonian kernels to be computed in
the AMPGCM calculations (see, Sec. II B), restrict the
maximum Mz,Max value to Mz,Max = 14. The reason
behind is the finite range component of the Gogny-EDF
that makes the evaluation of the corresponding matrix el-
ements very time consuming. On the other hand, as the
collective motion is mainly affected by the shape of the
energy landscape, not its absolute depth, a quicker con-
vergence with Mz,Max is achieved for the related physical
quantities.
The HFB equations have been solved with the help of
an approximate second order gradient method [76] which
allows us to handle constraints efficiently [55, 56, 62, 63,
77]. The method is based on the parametrization of a
given HFB vacuum in terms of the Thouless theorem
[28]. Recently, similar variational strategies have been
applied to correlated electronic systems in condensed
matter physics [78, 79] and quantum chemistry [80, 81].
The constrained HFB approximation provides us with
a set of mean field product states |ϕ(Q20)〉, labeled by
the generating coordinate 〈ϕ|Qˆ20|ϕ〉 = Q20, as well as
the MFPECs. In our calculations we have used the grid
-26 b ≤ Q20 ≤ 36 b with a mesh size δ Q20 = 0.6 b. We
have tested that they are accurate enough to describe the
low-energy quadrupole dynamics of the nuclei considered.
In particular, as will be shown, the selected Q20-grid is
enough for the AMPGCM collective wave functions to
reach the zero value in their tails (see, Sec.III B).
Other interesting pieces of information coming from
the mean field approximation are the proton and neu-
tron single-particle energies (SPEs). The quadrupole de-
formation effects are strongly linked to the position of
the Fermi energies in such spectra [56, 82–84]. We have
studied the evolution of the proton and neutron SPEs
with the quadrupole moment Q20. To this end, we have
diagonalized the Routhian h = t + Γ − λQ20Q20, with
t being the kinetic energy operator and Γ the Hartree-
Fock field [28]. The term λQ20Q20 contains the Lagrange
multiplier used to enforce the corresponding quadrupole
constraint.
B. Symmetry-projected quadrupole configuration
mixing
Having a set of symmetry breaking (i.e., intrinsic) HFB
states |ϕ(Q20)〉 at hand, one introduces the following
AMPGCM ansatz
|ΨIM,σ〉 =
∑
K
∫
dQ20f
I
K;σ(Q20)Pˆ
I
MK |ϕ(Q20)〉 (2)
which superposes the symmetry-projected states
Pˆ IMK |ϕ(Q20)〉 with amplitudes f
I
K;σ(Q20). The projec-
tion operator reads [28]
Pˆ IMK =
2I + 1
8π2
∫
dΩDI∗MKRˆ(Ω) (3)
where R(Ω) = e−iαJˆze−iβJˆye−iγJˆz is the rotation opera-
tor, Ω = (α, β, γ) stands for the set of Euler angles and
DIMK(Ω) are Wigner functions [85]. Our set of generat-
ing states |ϕ(Q20)〉 only comprises axially symmetric and
parity-preserving K=0 HFB vacua (quasiparticle excita-
tions [72] are not included). As a result, the integrals over
α and γ can be carried out analytically and one is only
left with the numerical β-integration over a suitable grid.
The amplitudes f IK=0;σ(Q20) = f
I
σ(Q20) are then deter-
mined through the solution of the Hill-Wheeler (HW)
equation [11, 86]
∫
dQ
′
20
[
HI(Q20, Q
′
20)− E
I
σN
I(Q20, Q
′
20)
]
fIσ(Q
′
20) = 0 (4)
where
HI(Q20, Q
′
20) = ∆(I) (2I + 1)
∫ pi/2
0
dβ sin(β)h(β)
N I(Q20, Q
′
20) = ∆(I) (2I + 1)
∫ pi/2
0
dβ sin(β)n(β)
∆(I) =
1
2
(
1 + (−)I
)
h(β) = 〈ϕ(Q20)|Hˆ
[
ρMixβ (~r)
]
e−iβJˆy |ϕ(Q
′
20)〉
n(β) = 〈ϕ(Q20)|e
−iβJˆy |ϕ(Q
′
20)〉 (5)
and ρMixβ (~r) is the so-called mixed density prescription,
i.e.,
ρMixβ (~r) =
〈ϕ(Q20)|ρˆ(~r)e
−iβJˆy |ϕ(Q
′
20〉
〈ϕ(Q20)|e−iβJˆy |ϕ(Q
′
20)〉
(6)
widely used in the context of symmetry restoration
and/or configuration mixing [11, 32, 33, 55, 68, 87–
89]. Since the average values of the proton and neu-
tron numbers usually differ from the nucleus’ proton
Z0 and neutron N0 numbers we have replaced Hˆ by
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FIG. 5: (Color online) The two-neutron separation energies (full lines) computed within the HFB approximation for the nuclei
182−216Nd, 184−218Sm, 186−220Gd, 188−222Dy, 190−224Er, 192−226Yb, 194−228Hf and 196−230W are plotted as a function of the
neutron number. Results based on the Gogny-D1M EDF and the bases Mz,Max=17 and Mz,Max=14 are shown in panels (a)
and (b), respectively. The two-neutron separation energies obtained in the framework of spherical HFB calculations are also
included in the plots (dashed lines) for comparison. For more details, see the main text.
Hˆ − λZ
(
Zˆ − Z0
)
− λN
(
Nˆ −N0
)
, where λZ and λN
are chemical potentials for protons and neutrons, respec-
tively [68, 71, 90]. All the AMPGCM calculations dis-
cussed in this work have been performed with the Gogny-
D1M EDF and Mz,Max=14.
For a given spin I, the solution of the HW equation
(4) provides the energies EIσ corresponding to the ground
(σ=1) and excited (σ=2,3 . . . ) states. However, since the
symmetry-projected basis states used in the expansion
Eq.(2) are not orthogonal, the functions f Iσ(Q20) cannot
be interpreted as probability amplitudes. One then in-
troduces [11, 55] the collective wave functions
GIσ(Q20) =
∫
dQ
′
20N
I 1
2 (Q20, Q
′
20)f
I
σ(Q
′
20) (7)
in terms of the operational square root of the norm ker-
nel [11, 28]. The collective wave functions Eq. (7) are
orthogonal and their modulus squared |GIσ(Q20)|
2 has
the meaning of a probability amplitude [28]. In order
to understand these collective wave functions in a more
quantitative way, we have computed the averages [11]
QI,σ20 =
∫
dQ20|G
I
σ(Q20)|
2Q20 (8)
providing us with a measure of the deformation in the
underlying intrinsic states.
III. DISCUSSION OF RESULTS
In this section, the results of our calculations are dis-
cussed. First, in Sec. III A, the static quadrupole proper-
ties obtained within our Gogny-HFB framework are ad-
dressed. The results of the AMPGCM calculations with
Gogny-D1M are presented in Sec. III B.
A. The HFB approximation: static quadrupole
properties
In Fig. 1, we have plotted [panels (a)-(r)] a typical out-
come of the constrained HFB calculations based on the
Gogny D1M and D1S EDFs. The MFPECs are shown
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FIG. 6: (Color online) The two-neutron separation ener-
gies (full lines) computed within the Gogny-D1S HFB ap-
proximation for the nuclei 182−216Nd, 184−218Sm, 186−220Gd,
188−222Dy, 190−224Er, 192−226Yb, 194−228Hf and 196−230W are
plotted as a function of neutron number. Results have been
obtained with Mz,Max=14. The two-neutron separation ener-
gies obtained in the framework of spherical HFB calculations
are also included in the plots (dashed lines) for comparison.
for the nuclei 184−218Sm taken as illustrative examples.
For the sake of clarity they are depicted for -18.3 b ≤
Q20 ≤ 26.3 b. The HFB energies are always referred
to the absolute minimum of the corresponding MFPEC.
Calculations have been carried out with Mz,Max=14.
It is apparent from the figure that, though the ener-
gies ∆EHFB tend to be smaller with the parametrization
D1S, both Gogny-EDFs provide MFPECs with a similar
structure. The nucleus 184Sm displays a slightly oblate
ground state (QHFB−GS20 =-2.4 b and Q
HFB−GS
20 =-3.0 b
with the D1M and D1S parametrizations, respectively)
while spherical ground states are predicted for 186−192Sm.
In the case of 188Sm, the MFPEC exhibits the clear sig-
nature of a strong N=126 neutron shell closure with van-
ishing neutron pairing energy at Q20=0. Already for the
isotope 194Sm (i.e., N=132), the HFB ground state be-
comes slightly prolate deformed with QHFB−GS20 =2.4 b.
Prolate deformed ground states are also predicted for the
heavier isotopes 196−218Sm. Typical β2 values for this
chain are β2=-0.07 for
184Sm, β2= 0.06 for
194Sm and
β2= 0.28 for
214Sm, all of them with the parametrization
D1M. Similar results are found for the nuclei 182−216Nd,
186−220Gd, 188−222Dy, 190−224Er, 192−226Yb, 194−228Hf
and 196−230W as can be seen from Fig. 2 where the
ground state deformations QHFB−GS20 have been plot-
ted as a function of neutron number for the Gogny-D1M
[panel (a)] and Gogny-D1S [panel (b)] EDFs.
Therefore, in the framework of the Gogny-HFB cal-
culations, N=126 appears as a spherical neutron magic
number. However, 6-8 mass units beyond N=126, re-
gardless of the Gogny-EDF employed, there is an onset
of prolate deformation in the ground states along all the
studied isotopic chains.
This effect agrees well with the additional stability be-
yond N=126 predicted in the relativistic mean field the-
ory (RMF) based on the NL-SV1 Lagrangian model with
the inclusion of the vector self-coupling of ω-meson [91–
93]. A similar effect can also be seen in the mass formulas
HFB-14 based upon Skyrme-HFB [94] and in the finite-
range droplet model (FRDM) [95].
From Figs. 1 and 2 we conclude that both the D1M
and D1S parametrizations provide quite similar defor-
mation effects for the considered nuclei. However, the
D1S results show a pronounced under-binding as can be
seen in Fig. 3 where the ground state energy differences
EHFB−GSD1S -E
HFB−GS
D1M are plotted as a function of neutron
number. This quantity increases almost linearly with
neutron number while it decreases for increasing Z val-
ues. These results are not surprising as they reflect a well
known deficiency [60] of the Gogny-D1S EDF away from
the stability valley. A pronounced under-binding has also
been found in the Gogny-D1S fission paths, as compared
with the D1M ones, obtained in our recent studies of
neutron-rich U and Pu nuclei as well as in superheavy
elements [62, 63]. The linear increase of the D1S under-
binding with neutron number implies that the behavior
of the two-neutron separation energies will be similar to
that with D1M but the quantity will be shifted down by
roughly 1 MeV.
A few words concerning the convergence of our calcu-
lations are in order here. In panel (a) of Fig. 4, we have
plotted the HFB energies, computed with Mz,Max=14
and Mz,Max=17, as a function of the quadrupole mo-
ment. In panel (b), we have plotted the energy differ-
ence betweeen both calculations. Results are shown for
226Yb and the Gogny-D1M EDF but similar ones are
obtained for other nuclei and/or the D1S parametriza-
tion. In the range -18.3 b ≤ Q20 ≤ 26.3 b the energy
landscape does not change much when the size of the
basis is increased. As we will see in Sec. III B, this
range of quadrupole deformations is the one where the
collective dynamics concentrates and, therefore, no sig-
nificant differences are expected between the AMPGCM
calculations with Mz,Max=14 and Mz,Max=17. Since the
main interest of the present study is focussed on the two-
neutron separation energies S2N , rotational energy cor-
rections, excitation energies, etc., and these quantities
do not change very much with the considered Mz,Max
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value, we conclude that Mz,Max=14 can be regarded as
a reasonable compromise between accuracy and compu-
tational burden. To corroborate this conclusion, the two-
neutron separation energies (full lines) computed within
the HFB approximation are plotted in Fig. 5 as a func-
tion of neutron number. Results based on the Gogny-
D1M EDF and the Mz,Max=17 and Mz,Max=14 bases
are shown in panels (a) and (b), respectively. The two-
neutron separation energies obtained by restricting to
spherical HFB calculations are also included in the plots
(dashed lines) for comparison. One sees that the trends
and numerical values predicted within the Mz,Max=17
and Mz,Max=14 calculations are quite similar, which cor-
roborates our choice of Mz,Max=14 as a reasonable basis
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size to study the physical properties we are interested in
this work.
The sudden decline in the S2N values at N=128 is a
manifestation of the strong N=126 shell closure. In go-
ing down from Z=74 (W) to Z=60 (Nd) no dramatic
reduction occurs in the shell gap ∆Shell=S2N (Z,126)-
S2N (Z,128) remaining strong enough as one approaches
or even crosses the two-neutron dripline. This agrees
well, with the strong shell effects predicted within the
framework of the spherical RMF approximation [91].
As can be seen in Fig. 5, the two-neutron separation
energies are well described in the framework of the spher-
ical HFB approximation for N=126, 128 and 130. How-
ever, the onset of slight oblate deformations at N=122-
124 (see, Fig. 2) leads to S2N values smaller than the
ones obtained using the spherical HFB approximation.
For all the considered isotopic chains, the difference with
the spherical calculations becomes more dramatic beyond
N=132. As we have discussed above, for such nuclei there
is an onset of prolate ground state deformations (see, Fig.
2) that leads to an additional binding energy gain. As a
result, an increase in the two-neutron separation energies
takes place in going above N=132 with a ridge around the
neutron number N=140. In general, two-neutron sep-
aration energies display a decline when adding further
neutrons. Note that, while all the Nd isotopes remain
unbound beyond N=126, the onset of prolate ground
state deformations makes the nuclei 200,202,204Sm sta-
ble against two-neutron decay. Furthermore, while in
the spherical HFB approach the two-neutron dripline is
reached at N=132 and N=140 for the Gd and Dy iso-
topic chains, the presence of static ground state defor-
mation effects in these chains shifts the location of the
corresponding two-neutron driplines up to N=148 and
N=152, respectively. For the remaining chains, the on-
set of ground state deformation enhances the stability
with respect to the spherical HFB results in the neutron
number range between N=132 and N=156.
The question that naturally arises is to what extent
is this enhanced stability dependent on the particular
Gogny-EDF employed at the HFB level. In Fig. 6,
we show the two-neutron separation energies obtained
with the Gogny-D1S EDF and Mz,Max=14. The ob-
served trends resemble the ones already discussed for the
Gogny-D1M EDF in Fig. 5. This is not surprising as
both parametrizations provide similar HFB quadrupole
deformation landscapes (see, Figs. 1 and 2). However,
as already anticipated, the pronounced under-binding ob-
tained with the Gogny-D1S EDF leads to systematically
smaller S2N values for increasing neutron number. Keep-
ing this in mind, we conclude that the enhanced stabil-
ity beyond the neutron shell closure N=126 is a genuine
property of Gogny-like EDFs. This conclusion is further
corroborated by resorting to the parametrization D1N
[96] of the Gogny-EDF which provides S2N values closer
to the ones obtained with the D1M parameter set. Note
that the results suggest, at least for some of the con-
sidered isotopic chains, a shift of the r-process path to
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FIG. 9: (Color online) The square of the Ipi=0+ collective wave functions [Eq.(7)] corresponding to the ground (σ=1) and first
excited (σ=2) states in the nuclei 188−222Dy are plotted as a function of the quadrupole moment Q20. The quantities actually
depicted are 25 × | GI=0σ=1(Q20)|
2 (blue) and 6 + 25 × | GI=0σ=2(Q20)|
2 (red). For each nucleus the Ipi=0+ AMPPECs (black) are
also included in the plots. Energies are always referred to the absolute minima of the corresponding AMPPECs. Results have
been obtained with the parametrization D1M of the Gogny-EDF.
higher neutron numbers.
Having checked the robustness of the HFB predic-
tions with respect to the considered parametrization of
the Gogny-EDF, it is important to check their stability
against quantum corrections stemming from the restora-
tion of broken symmetries (mainly the rotational symme-
try) and quadrupole configuration mixing. In addition to
ground state properties, such beyond mean field calcula-
tions also give access to excited states as well as other
(dynamical) quadrupole properties in the studied nuclei.
Regardless of the Gogny-EDF employed one observes
that in the Nd, Sm, Gd, Dy, Er, Yb, Hf and W chains the
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FIG. 10: (Color online) The intrinsic deformations [Eq.(8)] associated with the ground (σ=1) and first excited (σ=2) states at
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in panels (a) and (b), respectively, as a function of neutron number. Results have been obtained with the parametrization D1M
of the Gogny-EDF. For more details, see the main text.
MFPECs become wider with increasing neutron number
and display oblate local minima. For example, we have
found (see, Fig. 1) that for 194−200Sm these oblate lo-
cal minima lie less than 2 MeV above the correspond-
ing ground state. Such a shape coexistence also calls
for a symmetry-projected configuration mixing analysis.
For larger neutron numbers, the excitation energy of the
oblate wells increases reaching its largest value (2.77 MeV
and 3.87 MeV for the Gogny-D1S and Gogny-D1MEDFs,
respectively) for 210Sm. This comes along with the devel-
opment of spherical barriers whose height reaches 10.72
MeV (12.26 MeV) in 218Sm with the parametrization
D1S (D1M). We stress, however, that even for those
nuclei with well defined prolate wells it is important to
carry out symmetry-projected configuration mixing cal-
culations since the collective dynamics is determined not
only by the energy landscape but also by the underlying
inertia. With this in mind Gogny-D1M AMPGCM cal-
culations have been carried out (see, Sec. III B) for all
the nuclei studied in this paper.
Before ending this section, let us turn our attention
to the evolution of the SPEs in the considered nuclei as
a function of the deformation parameter β2. In Fig. 7
the proton and neutron SPEs, computed with the D1M
parametrization, are depicted for the N=142 nuclei 202Nd
and 212Hf. Both nuclei have a prolate deformed ground
state minimum at β2 ≈ 0.3. The first noticeable fact is
that both sets of SPEs look rather similar (up to global
energy shifts) for both nuclei in spite of the 12 units dif-
ference in proton number. This result shows that the
gross SPE behavior with deformation depends only on
the intrinsic shape of the nucleus and not on its pro-
ton and neutron number. It is just the position of the
Fermi level that determines the deformation properties
of the specific nucleus. In both nuclei we observe how
the level density around β2 = 0.3 decreases as compared
with the neighboring regions signaling the existence of
the ground state minimum at that deformation (Jahn-
Teller effect). We also observe down-slopping neutron
j15/2 orbitals plunging in the Fermi sea and up-slopping
neutron g9/2 ones coming out. In the proton case, the
down and up-slopping orbitals are different for 202Nd and
214Hf. We have down-slopping proton h11/2 in the
202Nd
case and h9/2 (coming from across the Z=82 shell closure)
in the 214Hf nucleus. In the former nucleus the g7/2 is
the predominant up-slopping orbital whereas in the later
it is a combination of the g7/2 (the K = 7/2 component)
and the d5/2.
B. The AMPGCM approximation: dynamical
quadrupole properties
Before turning the attention to the AMPGCM, it is il-
lustrative to analyze the behavior of the AMP energies as
a function of the intrinsic quadrupole moment. In pan-
els (a)-(d) of Fig. 8, the Ipi = 0+ and 2+ AMPPECs
are shown for the nuclei 188,192,202,218Dy as a function
of the quadrupole moment Q20. The MFPECs have
also been included in the plots for comparison. All the
energies are referred to the absolute minimum of the
Ipi = 0+ AMPPECs. The points ommited in the Ipi = 2+
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FIG. 11: (Color online) The square of the Ipi=2+ collective wave functions [Eq.(7)] corresponding to the ground (σ=1) and
first excited (σ=2) states in the nuclei 188−222Dy are plotted as a function of the quadrupole moment Q20. The quantities
actually depicted are 25 × | GI=2σ=1(Q20)|
2 (blue) and 6 + 25 × | GI=2σ=2(Q20)|
2 (red). For each nucleus the Ipi=2+ AMPPECs
(black) are also included in the plots. Energies are always referred to the absolute minima of the corresponding AMPPECs.
Results have been obtained with the parametrization D1M of the Gogny-EDF.
AMPPECs around Q20=0 correspond to intrinsic con-
figurations with a very small value of the norm overlap
N I(Q20, Q20) [see, Eq.(5)] and can, therefore, be safely
ommited since they do not play a role in the AMPGCM
calculations to be discussed later on [11]. No energy gain
is obtained due to AMP for the spherical configurations
and Ipi = 0+ since these are already pure 0+ states with
N I(0, 0)=1 [11, 13, 20, 32] .
The comparison between the Ipi = 0+ AMPPECs and
the MFPECs in both 188,192Dy reveals the pronounced
changes induced on the mean field energy landscapes due
to the restoration of the broken rotational symmetry. In
13
128 136 144 152
N
-4
0
4
8
12
16
Q 2
0I
=
2,
 
σ
=
1 (b
) 
Nd
Sm
Gd
Dy
Er
Yb
Hf
W
(a)
D1M
128 136 144 152
N
-4
0
4
8
12
16
Q 2
0I
=
2,
 
σ
=
2 (b
) 
(b)
D1M
FIG. 12: (Color online) The intrinsic deformations [Eq.(8)] associated with the ground (σ=1) and first excited (σ=2) states at
Ipi=2+ in the nuclei 182−216Nd, 184−218Sm, 186−220Gd, 188−222Dy, 190−224Er, 192−226Yb, 194−228Hf and 196−230W are depicted
in panels (a) and (b), respectively, as a function of neutron number. Results have been obtained with the parametrization D1M
of the Gogny-EDF. For more details, see the main text.
the case of 188Dy, the 0+ ground state corresponds to an
oblate configuration with Q20=-3.6 b while a low-lying
prolate minimun (∆ E = 430 keV) is found at Q20=3.6
b. These minima are separated by a spherical barrier
whose height is 3.79 MeV. While at the HFB level the
ground state of the N=126 nucleus 192Dy is spherical,
once AMP is carried out two degenerate minima appear
located at Q20 = ±2.4 b and separated by a barrier of
2.24 MeV. Such Q20-symmetric degenerate minima have
also been found for nuclei with spherical HFB ground
states in several regions of the nuclear chart (see, for ex-
ample, [11, 20, 32–34]) and their origin can be traced
back to the behavior of the rotational energy correction
[97] near sphericity. As we will see later in the frame-
work of the AMPGCM scheme, the ground state collec-
tive wave function takes similar values around these two
minima in such a way that the correlated ground state
for 192Dy is spherical. This seems to be a general feature
as the same happens for all the other N=126 nuclei stud-
ied in this work. For the nuclei 202Dy and 218Dy, the 0+
AMPPECs exhibit well pronounced prolate minima at
Q20=7.2 b and 13.2 b while the oblate ones are located
at Q20=-4.8 b and -9.6 b. The heights of the spheri-
cal barriers are 4.89 MeV and 16.58 MeV, respectively.
In the case of the 2+ AMPPECs, the absolute minima
are oblate (prolate) deformed for the nuclei 188Dy and
192Dy (202Dy and 218Dy). Note, that the large excitation
energy of 5.26 MeV for the oblate 2+ minimum (Q20=-
2.4 b) in 192Dy is consistent with the expectations for a
spherical nucleus. The corresponding excitation energies
for 202Dy and 218Dy decrease to 240 keV and 105 keV,
respectively. The plots in panels (a)-(d) of Fig. 8 al-
ready illustrate that a symmetry-projected configuration
mixing analysis is required for the studied nuclei.
The square of the Ipi=0+ collective wave functions
[Eq.(7)] corresponding to the ground (σ=1) and first ex-
cited (σ=2) states in the nuclei 188−222Dy are plotted in
Fig. 9 as a function of the quadrupole moment Q20. To
facilitate the reading of the plot, these quantities have
been stretched and shifted according to the formulas 25
× | GI=0σ=1(Q20)|
2 and 6 + 25 × | GI=0σ=2(Q20)|
2. For each
nucleus the AMPPECs are also included in the plots to
guide the eye.
The 0+1 collective wave functions for the isotopes
188−200Dy exhibit a significant admixture between the
prolate and oblate minima found in the AMPPECs. In
the case of the N=126 nucleus 192Dy, the prolate and
oblate configurations have practically the same weight
and therefore its ground state turns out to be spheri-
cal on the average. The deformation effects found in
the corresponding AMPPEC (see, Fig. 8) are not stable
once quadrupole fluctuations are taken into account and
N=126 remains, on the average (i.e., dynamically), as a
spherical magic number not only for the Dy but also for
all the studied isotopic chains. On the other hand, for
the nuclei 202−222Dy the 0+1 collective wave functions are
well inside the prolate wells.
Having the collective wave functions | GI=0σ=1(Q20)|
2 at
hand, we have computed the average ground state defor-
mations QI=0,σ=120 [Eq.(8)]. They are plotted in panel (a)
of Fig. 10 as a function of neutron number. It is satisfy-
ing to observe that the main trend obtained within the
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HFB approximation [panel (a) of Fig. 2] does survive
the effects of zero point quantum corrections, though the
AMPGCM calculations provide smoother shape transi-
tions than the mean field ones. For all the studied iso-
topic chains, the AMPGCM calculations predict the on-
set of (dynamical) prolate deformations for N ≥ 132.
Coming back to Fig. 9, one sees that for the heavier Dy
isotopes, the 0+2 collective wave functions display a be-
havior reminiscent of a β-vibrational band, i.e., they are
located inside the prolate wells and have a node at a Q20
deformation where the 0+1 ground state wave functions
attain their maximum value. The same pattern is also
observed in the Nd, Sm, Gd, Er, Yb, Hf and W chains.
However, at least in some nuclei, the 0+2 states are not
symmetric around the node and, therefore, they cannot
be considered as pure β-vibrations. The average defor-
mations QI=0,σ=220 [Eq.(8)] corresponding to the 0
+
2 states
have also been plotted in panel (b) of Fig.10. There is
an onset of large prolate deformations in the 0+2 states
around N=140-142. On the other hand, several shape
transitions take place for N ≤ 138. Though the overall
trends are very similar, the precise location and nature of
such shape transitions depend on the considered isotopic
chain.
The square of the Ipi=2+ collective wave functions
for the ground (σ=1) and first excited (σ=2) states in
188−222Dy is plotted in Fig. 11. For both 188,190Dy the
2+1 states exhibit peaks on the oblate sector while for
192−198Dy there is an admixture of prolate and oblate
configurations in those states. On the other hand, for
the neutron numbers N ≥ 134 the 2+1 collective wave
functions are well inside the prolate wells. The average
deformations QI=2,σ=120 obtained for the Nd, Sm, Gd, Dy,
Er, Yb, Hf and W chains are summarized in panel (a) of
Fig. 12. In this case, the AMPGCM calculations predict
a transition to prolate deformed 2+1 states for N ≥ 130.
Coming back to Fig. 11, the 2+2 collective wave
functions, as well as the ones obtained for other iso-
topic chains, display a transition to a quasi-β vibrational
regime around the neutron number N=140. The corre-
sponding QI=2,σ=220 values have been plotted in panel (b)
of Fig. 12. Besides the shape transitions observed for
lighter nuclei, there is an onset of large prolate defor-
mations in the 2+2 states around N=140-142. The previ-
ous results indicate that, for all the studied nuclei, the
AMPGCM zero point quantum corrections lead to pre-
dominant dynamical prolate deformations in the 0+1 , 0
+
2 ,
2+1 and 2
+
2 states with increasing neutron number.
The excitation energies of the 2+1 states are plotted in
Fig. 13 as a function of neutron number. The first no-
ticeable feature is the pronounced peak at the neutron
shell closure N=126. On the other hand, the decrease
of the excitation energies observed for N ≥ 132 is well
correlated with the onset of prolate deformations found
for both the 0+1 and 2
+
1 states in the AMPGCM calcu-
lations. Moreover, the values of such excitation energies
remain small (∆E
2
+
1
< 300 keV) and almost constant for
nuclei with neutron numbers N ≥ 140. This is precisely
the neutron sector for which large prolate deformations
are stabilized by the AMPGCM zero point quantum cor-
rections [see, panel (a) of Figs. 10 and 12].
In panel (a) of Fig. 14 we have plotted (thick continu-
ous lines with diamonds) the S2N values, computed using
the energies corresponding to the 0+1 AMPGCM ground
states, as a function of neutron number. The two-neutron
separation energies obtained within the HFB framework
(thin continuous lines) and the ones corresponding to
spherical calculations (dashed lines) are also included in
the plot for comparison. It is satisfying to observe that
the trends in the AMPGCM S2N values support the en-
hanced stability predicted at the HFB level with respect
to the spherical calculations. In particular, the ridge pre-
dicted at the mean field level around N=140 does survives
the effects of symmetry-projected configuration mixing.
However, the comparison between the AMPGCM and the
HFB S2N energies also reveals that while in the latter an
enhancement only takes place beyond N=132 in the for-
mer it already occurs two mass units before. In addition,
for all the considered isotopic chains, the AMPGCM two-
neutron separation energies at N=126 are significantly
smaller than the HFB ones while the corresponding val-
ues at N=128 are almost identical. This, as can be seen
from panel (b), leads to smaller AMPGCM shell gaps.
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FIG. 14: (Color online) The S2N values computed using the
energies corresponding to the 0+1 AMPGCM ground states are
depicted in panel (a) (thick continuous lines with diamonds)
for the nuclei 182−216Nd, 184−218Sm, 186−220Gd, 188−222Dy,
190−224Er, 192−226Yb, 194−228Hf and 196−230W as a function
of neutron number. The two-neutron separation energies ob-
tained within the HFB framework (thin continuous lines) and
the ones corresponding to spherical calculations (dashed lines)
are also included in the plot for comparison. The AMPGCM
(blue curve) and HFB (red curve) shell gaps are plotted in
panel (b) as a function of proton number. All the results are
obtained with the D1M parametrization. For more details,
see the main text.
However we stress that, in spite of this dynamical reduc-
tion, the shell gap remains strong enough when moving
down from Z=74 to Z=60. The quenched AMPGCM
shell gap, as compared with the HFB one, and its smooth
decrease with increasing Z values agree well with the re-
sults obtained for N=126 isotones in a previous (beyond
mean field) global study of quadrupole correlation effects
[98].
IV. CONCLUSIONS
In this work, we have considered the behavior of
quadrupole collectivity across the N=126 neutron shell
closure in the Nd, Sm, Gd, Dy, Er, Yb, Hf and W isotopic
chains including very neutron-rich nuclei up to N=156.
In the HFB framework N=126 nuclei are found to have
spherical ground states and the corresponding mean field
shell gaps do not exhibit a dramatic reduction when ap-
proaching or even crossing the two-neutron driplines.
Spherical HFB calculations are inappropriate to de-
scribe the static quadrupole properties of nuclei in the
vecinity of the neutron shell closure. In particular, a
shape transition to prolate deformed ground states is
predicted to occur around N=132-134 within the (con-
strained) HFB framework. As a consequence of the
onset of static axially symmetric quadrupole deforma-
tions there is an enhancement of the two-neutron sep-
aration energies that extends the corresponding two-
neutron driplines far beyond what could be expected
within spherical calculations. We have shown that
such an enhanced stability is a genuine property of
Gogny-like EDFs, i.e., it is independent of the partic-
ular parametrization employed in the calculations. The
analysis of the SPEs reveals the presence of Jahn-Teller
distorsions in the corresponding proton and neutron spec-
tra associated with the global and local minima found in
the MFPECs.
Moreover, the constrained HFB calculations reveal
that some nuclei display shape coexistence, i.e., low-lying
prolate and oblate minima with similar energies. Such a
shape coexistence also shows up in the AMPPECs and
calls for a symmetry-projected configuration mixing anal-
ysis. Within this context, beyond mean field correlations,
stemming from the restoration of the rotational symme-
try broken at the HFB level and quadrupole fluctuations,
have been taken into account, for all the considered Nd,
Sm, Gd, Dy, Er, Yb, Hf and W nuclei, in the framework
of the AMPGCM scheme based on the Gogny-D1M EDF.
Our AMPGCM calculations provide a dynamically
correlated spherical ground state for all the studied
N=126 nuclei. The AMPGCM correlations induce a re-
duction of the N=126 two-neutron shell gap as compared
with the mean field one, in good agreement with other
calculations [98]. However, we stress that on their own
the AMPGCM shell gaps remain strong enough all the
way down from Z=74 (W) to Z=60 (Nd).
Both the wave functions and average deformations ob-
tained within the AMPGCM framework indicate that,
with increasing neutron number, beyond mean field zero
point quantum corrections stabilize dominant prolate
configurations not only in the 0+1 but also in the 0
+
2 , 2
+
1
and 2+2 collective states. The dynamical onset of large
deformations along the considered isotopic chains is well
correlated, for example, with the behavior of the 2+1 ex-
citation energies as a function of neutron number. On
the other hand, for the heavier nuclei the 0+2 and 2
+
2 col-
lective wave functions exhibit a behavior reminiscent of
16
β-vibrational bands.
It is found that, as a consequence of the onset of dy-
namical quadrupole deformations in the 0+1 states, the
computed AMPGCM two-neutron separation energies
corroborate the enhanced stability predicted at the mean
field level. In particular, we have shown that the sud-
den spur in the two neutron separation energies, with a
ridge around N=140, does survive the effects of zero point
quantum fluctuations. Within this context, at least for
some of the studied isotopic chains, the AMPGCM corre-
lations shift the occurrence of the two-neutron driplines
to higher neutron numbers.
We believe that the results discussed in this work de-
serve further attention not only from the nuclear struc-
ture side but also due to their possible consequences for
the r-process path around N=126. A long list of task
remains to be undertaken. For example, we have shown
the indepedence of our HFB predictions with respect to
the Gogny-EDF employed in the calculations. It would
be interesting to compare with the mean field and be-
yond mean field predictions arising from other state-of-
the-art relativistic and nonrelativistic approaches. On
the other hand, a more realistic treatment of pairing cor-
relations, including a symmetry-projected analysis of the
coupling between pairing and quadrupole degrees of free-
dom, is left for a future study. Work along these lines is
in progress and will be published elsewhere.
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